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Abstract: The prepotential of J\f = 2* supersymmetric theories with unitary gauge groups 
in an 12 background satisfies a modular anomaly equation that can be recursively solved 
order by order in an expansion for small mass. By requiring that S-duality acts on the 
prepotential as a Fourier transform we generalise this result to J\f = 2* theories with 
gauge algebras of the D and E type and show that their prepotentials can be written in 
terms of quasi-modular forms of SL(2,Z). The results are checked against microscopic 
multi-instanton calculus based on localization for the A and D series and reproduce the 
known 1-instanton prepotential of the pure N = 2 theories for any gauge group of ADE 
type. Our results can also be used to obtain the multi-instanton terms in the exceptional 
theories for which the microscopic instanton calculus and the ADHM construction are not 
available. 
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1. Introduction 

Gauge theories with extended supersymmetries show very remarkable behaviours. For 
example the maximally supersymmetric Yang-Mills theories in d = 4. briefly J\f = 4 
SYM theories, are conjectured to enjoy S-duality invariance. S-duality is a strong/weak- 
coupling relation that exchanges electrically charged states with non-perturbative magnet¬ 
ically charged states [1]; over the years many tests of this conjecture have been carried 
out with success (see for instance [2, 3]). For theories with simply-laced gauge groups, 
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S-duality maps the gauge group to itself, but when the gauge group is not simply laced, 
the gauge group of the S-dual theory is the GNO dual group [4], 

Also Af = 2 SYM theories are very interesting: even if they are less constrained than 
the Af = 4 theories, it is still possible to study several of their properties in an exact way. 
Indeed their perturbative contribution is exhausted at the one-loop level and their non- 
perturbative behaviour is by now well understood, on the one hand, via the Seiberg-Witten 
[5, 6] description of their low energy effective theory and, on the other hand, via the direct 
computation of instanton effects by means of localization techniques [7] - [11], A noticeable 
exception in this scenario is given by theories with exceptional gauge groups for which an 
ADHM construction of the instanton moduli space is still missing 1 . 

Among the Af = 2 models much attention has been devoted, in the recent years, 
to superconformal theories and to their mass deformations, which sit at the crossroad 
of many approaches to the non-perturbative description of quantum field theories and 
of their duality structures (see for example the collective review [18] and the references 
therein). This paper deals with the Af = 2* SYM theories with simply laced gauge group 
G whose corresponding Lie algebra will be denoted by g. Beside the Af = 2 gauge vector 
multiplet, these theories contain an adjoint hypermultiplet of mass rn and represent a mass 
deformation of the Af = 4 SYM theory. In an appropriate large-m limit, the hypermultiplet 
decouples and the pure AT = 2 SYM theory is retrieved. The Af = 2* theory inherits from 
the Af = 4 theory an interesting action of S-duality. In particular, S-duality acts non- 
trivially on the prepotential function F that encodes the low-energy effective dynamics 
on the Coulomb branch of moduli space. Upon expanding the prepotential in powers of 
the mass m , this action can be exploited to efficiently determine the non-perturbative 
expression of the prepotential. This is achieved by showing that the coefficients f n of the 
mass expansion of F are (quasi)-modular functions of the gauge coupling r connected to 
each other by a recursion relation. 

Such a recursion relation, which encodes the “modular anomaly” of the prepotential, 
was first pointed out for U(IV) theories in [19] where it was derived from the Seiberg- 
Witten curve. The modular anomaly is related to the holomorphic anomaly of topological 
string amplitudes through local Calabi-Yau embeddings of the SW curves [20] - [23]. It has 
been studied also in presence of an fl-background [24]-[34], in the framework of the AGT 
correspondence [35]-[38] and in Af = 2 conformal SQCD models with fundamental matter 
[30, 31, 39], 

Here we review and streamline the derivation of the modular anomaly equation and 
the associated recursion relation directly from the S-duality requirement and for a generic 
simply-laced gauge group G (the non simply-laced groups will be discussed in a companion 
paper [40]). The modular anomaly equation leads to express the prepotential in terms of 
modular forms of r and of functions of the periods a which are written in terms of the 
root system of g, allowing for a unified treatment of all Lie algebras. In this way we can 
compute the prepotential also for the exceptional Lie algebras Eq, E-j and E% for which an 

1 See for example [12] - [17] for recent progresses on the description of instanton moduli spaces in theories 
with exceptional gauge groups 
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ADHM construction of the instanton moduli space is not available. 

This is the plan of the paper: in Section 2 we discuss the behaviour of the J\f = 2* 
theories under S-duality and derive from it the modular anomaly equation satisfied by 
the prepotential. In Section 3 we exploit the recursion relation equivalent to the modular 
anomaly equation to compute exactly, i.e. to all orders in the instanton expansion, the first 
few coefficients in the mass expansion of the prepotential. The results are then generalised 
in Section 4 to account for a non-trivial fl-background. In Section 5 we will describe the 
direct microscopic computation of the instanton corrections for the algebras of type A r and 
D r using the equivariant localization methods. The purpose of this section is to clarify some 
subtle points of the multi-instanton calculus and to check successfully these microscopic 
results against the instanton expansion of the solutions of the modular anomaly equation 
derived in the previous section. Our conclusions are presented in Section 6, while several 
technical material is confined in various appendices. 


2. S-duality and modular anomaly 

In this section we briefly review the structure of J\f = 2* theories with a gauge group G of 
ADE type and discuss the constraint that S-duality imposes on their prepotential. 


2.1 The SL(2, Z)-duality symmetry 

The field content of these theories includes an J\f = 2 vector multiplet and a massive 
hypermultiplet, both transforming in the adjoint representation of G. The J\f = 2 gauge 
multiplet contains an adjoint complex scalar (p, whose vacuum expectation value can always 
be aligned along the Cartan directions and written in the diagonal form 


(p) = a = diag (ai, a 2 , ...,a r ) , 


( 2 . 1 ) 


with r denoting the rank of the gauge Lie algebra g. The parameters {a u } span the Coulomb 
branch of the classical moduli space of the gauge theory. The low energy effective action 
on this branch is specified by a holomorphic function: the prepotential F(a). Alternatively 
the gauge theory can be described in terms of the dual variables 


a 


D 

U 


1 d F 
2 tti da u 


( 2 . 2 ) 


In the following we will often write d u for We will also use a simplified vector notation, 
writing, for instance, a for the vector, for the gradient vector, and so on. 

The effective coupling matrix, which also encodes the metric on the moduli space, is 


Tuv — d u a v — . d u d v F . 

ZTTl 

The classical part of the prepotential reads simply 


F cl = 7riTa 2 


(2.3) 


(2.4) 
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where r is the complexified gauge coupling 


9 47t 

T = 7T + 1 — 

2vr g 2 

At this level, the dual periods and the effective coupling matrix are 


a D = ra 


Fiv — T (Xu 


(2.5) 


( 2 . 6 ) 


In a Seiberg-Witten description of the theory, a and aP describe the periods of the Seiberg- 
Witten differential along the 2r cycles of the Riemann-surface defined by the Seiberg- 
Witten curve. The periods and dual periods can be assembled in a 2r-dimensional vector 
(a D , a) that transforms as a vector of the modular group Sp(4r, Z) of the Riemann surface. 
The two set of variables are suitable to describe the regimes of weak and strong coupling (g 
small and g large respectively) of the gauge theory. These two regimes are mapped to each 
other by S-duality which, as an element of Sp(4r, Z), exchanges periods and dual periods 
and acts projectively on r by inverting it, namely 

S(a) = a D , 5(o d ) = -a , 5(r) = -- . (2.7) 

T 

On the other hand, the T-duality acts as 

T{a) = a , T(a D ) = a D + a , T(r) = r + 1 . (2.8) 

S and T generate the SL(2, Z) modular group. 

On the prepotential, the T-duality action is 

T[F{a)] = F(a) + vria 2 , (2.9) 

as one can see from the fact that only the classical part F c] given in (2.4) transforms 
non-trivially under r —> r + 1. Indeed, J\f = 2 supersymmetry allows only for one-loop 
(r-independent) and instanton corrections (weighted by e 2mkT with k integer) which are 
T-invariant. 

The S-duality action is instead much less trivial since it maps the description of the 
theory in the variables a to its dual description in terms of aP. Therefore S should map 
the prepotential F(a) to its Legendre transform: 

S[F(a)] = C[F](a D ) (2.10) 


where 

r) T? 

C[F](aP) = F(a) — 2iria ■ a D = F(a ) — a ■ —— . (2.11) 

da 

The classical part of the prepotential verifies immediately (2.10); in fact 

S[F d ] = (a D ) 2 = £[F cl ](a D ) . (2.12) 

r 

The 5-duality symmetry requirement (2.10) represents instead a highly non-trivial con¬ 
straint on the quantum prepotential. As we will see, this constraint allows us to determine 
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the exact form of the prepotential, order by order in the hypermultiplet mass, starting 
from very few microscopic data. 

As mentioned in the introduction, this is known to happen for U(IV) theories, where the 
prepotential satisfies a “modular anomaly” equation that has been discussed extensively in 
the literature [19]-[33]. In the following we derive the modular anomaly equation directly 
from the S-duality relation (2.10) and show that it holds for gauge theories with all gauge 
groups of ADE type. 


2.2 The small mass expansion of the prepotential 

When the mass m of the adjoint hypermultiplet vanishes, there are no quantum corrections 
to the prepotential since the supersymmetry is enhanced to J\f = 4. When the mass is 
turned on, the supersymmetry is only J\f = 2 and the prepotential F is corrected. We 
write 

F = F d + f = iriTci 2 + f , (2.13) 

where / is the quantum part of the prepotential. The dual periods and effective cou¬ 
pling t uv also get quantum corrected and become non-trivial functions of r. As already 
mentioned, M = 2 supersymmetry allows perturbative corrections only at one-loop and 
non-perturbative corrections at all instanton numbers. Working in a mass expansion, we 
write the quantum prepotential as 


/ = / l-loop + / inst = Y jfn 
n =1 

(2.14) 

t t 1—loop ^inst 

Jn — J n i J n 

(2.15) 


where 


is proportional to m 2n . 

The one-loop contribution to the prepotential has the form (see for instance [41]) 


/ 


1—loop _ 


zE 


L 


— (a ■ a) 2 log 


a ■ a 

~ 


+ (a • a + m ) 2 log 


a ■ a + m 
A 


(2.16) 


where A is an arbitrary scale and a is an element of the root system T of the algebra g: 
a is an r-dimensional vector of components a u . The scalar product a ■ a represents the 
mass acquired by the complex IT-boson associated to the root a via the (super)-Higgs 
mechanism. Also the mass of the adjoint scalar along the root a is shifted with respect to 
its original value m by the same amount. Expanding (2.16) in powers of m, all odd powers 
cancel upon summing over positive and negative roots, and we find 


/l-loop = — E lQ g 

ag'l' 


m 

T 


E lo g 


aG'J' 


a • a 

“T“ 


A 


E 


m 


2 n 


^2 ^ n ( n — l)(2n — 1) 


C*2n—2 


(2.17) 


2A° 2 120 ° 4 336 C<i 
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where we defined 


1 


(2.18) 


c» = E 


ae^ 


(a • a) r 


The non-perturbative part of the prepotential receives contributions from the various 
instanton sectors, so / mst is a series in the instanton weight 


q = e 




(2-19) 


The term of order q k can be evaluated integrating over the moduli spaces of fc-instantons 
by means of localization techniques when the gauge group G is one of the classical matrix 
groups. This excludes the exceptional groups £^,7,8- We will review this computation 
in Section 5. This procedure can in principle be carried out up to arbitrary order k; in 
practice, however, it is computationally rather intense. It is important to observe that 


finst = Q 


( 2 . 20 ) 


since instanton contributions start at order mr. This can be seen by noticing that every 
mass insertion soaks two of the eight instanton fermionic zero modes of the J\f = 4 theory, 
so we need at least four powers of m to get a non-trivial result. 


2.3 The modular anomaly equation 

We now investigate the consequences of the S-duality relation (2.10) on the quantum pre¬ 
potential /. First we observe that the prepotential has mass dimension 2, so on dimensional 
grounds all f n with n > 2 must be homogeneous functions of degree 2 — 2 n in a: 

f n (Xa) = X 2 - 2n f n {a) . (2.21) 


Moreover, they are non-trivial functions of r expressed as Fourier series in q. We therefore 
use the notation f n (T,a ) to express this fact. 

Let us now compute first the two sides of the duality relation (2.10). The Legendre 
transform of £ is 

C[F] = F — a ■ —— = —7rira 2 + / — a ■ —- . (2.22) 

oa oa 

On the other hand, using (2.7), the S-transform of F is 


£[£] = —^(a D ) 2 + /(-!,a D ) , 


(2.23) 


where, according to (2.2), 


a D = 


1 dF 
2 tt\ da 


= r a + 


1 df 
2ttit da 


(2.24) 


Plugging (2.24) into (2.22), the S-duality relation S[F} = C[F] can be written in the form 


/( - y,a D ) = /(r,a) + 


47rir 


df{r, a) 

da 


(2.25) 
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From (2.17) and (2.20) we notice that f\ is independent of r but dependent on A, so 
equation (2.25) at order m 2 implies 

/i(ra, 5(A)) = fi(a, A) (2.26) 


where we have allowed an action of 5-duality on the scale A. Using the explicit form of f±, 
that is 

/i(a, A) = fl~ loop (a, A) = log (~]r) ’ ( 2 - 27 ) 

aef 

we conclude that 5(A) = rA. 

At higher orders in the mass expansion, the differential equation (2.25) can be solved 
by taking /„, for n > 2, to be an SL(2, Z) quasi-modular form of weight 2n — 2. A basis of 
quasi-modular forms is given by the set of Eisenstein series {E 2 , E 4 , Eg}. More precisely 
E 4 and E 6 are true modular forms of weight 4 and 6 respectively, so under S-duality they 
transform as 

E 4 (-±) =t 4 E 4 (t) , E 6 ( — i) =r 6 E 6 (r) . (2.28) 

The E-2 series is instead a quasi-modular form of weight 2 because under S it gets shifted: 

E 2 ( - i) = T 2 (e 2 (t) + Jp) = T 2 (E 2 (t) + 5) . (2.29) 

Here we introduced the notation 5 = -4- to avoid clutter in the subsequent formulae. 

We notice that all 5-dependence should cancel in the duality relation since / is only a 
function of q, and that the quasi-modularity of f n is due entirely to its dependence on E 2 . 
Indicating explicitly this dependence, we have (for n > 2 ) 

/ n (-i,a D ,E 2 (—i)) =r 2n - 2 /n(r,a D ,E 2 + 5) = f n (r, E 2 + 5) . (2.30) 


where in the last step we used the homogeneity property (2.21) of f n . On the other hand 
we have 


/i(a D ,rA) = /i(^,A) . 

Plugging (2.30) and (2.31) into the left hand side of (2.25), we find 

/(-I,a D ,E 2 (-I),rA) = /(r, E 2 + 5, A) 

5 df 


(2.31) 


f (j’ a + T2Ta’ E * + 6 ’ A ) 

/(r,a,E 2 , A) + 5 


d f + J_(2f 


8E 2 12 \da 


(r,a,E 2 , A) 


+- 


+ ■ 


+ 


d 2 f , 1 (df\ 2 d 2 f , 15/ 8 2 f 


+ 


dEi 144 \da J da 2 6 5a 5a5E 2 


(r,a,E 2 , A) 
(2.32) 
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where the dots stand for higher order terms in 5. Comparing (2.32) with the right hand 
side of (2.25), one finds that at order 5 the following modular anomaly equation has to be 
satisfied 


df , 1 fdf 


dEo + 24 l da 


= 0 


(2.33) 


It is straightforward to check that the conditions obtained at higher orders in 5 follow 
from this equation. For instance, the term in in (2.32) is easily shown to correspond 
to a further ^-derivative of the modular anomaly equation (2.33); thus it vanishes, as 
requested by the comparison with the right hand side of (2.25). 

Summarizing, the S-duality symmetry requirement (2.10) is satisfied if the coefficients 
f n in the mass expansion of the quantum prepotential / are quasi-modular form of weight 
2 n — 2 and if / satisfies the modular anomaly equation (2.33). 


3. The recursion relation 


3.1 The prepotential 

Expanding the quantum prepotential / in mass powers according to (2.14), the requirement 
(2.33) turns into the relation 

dfn = _ dfm dfn-m x 

8E 2 24 ^ da ' da 1 ' j 

which allows to recursively determine the s in terms of the lower coefficients up to E 2 - 
independent functions. The ^-independent part can be fixed by using one-loop or lower -A; 
instanton data. Actually, to the order we will consider here, the one-loop data will be 
enough. 

Let us start by determining f 2 which, being a quasi-modular form of weight 2, can 
only be proportional to E 2 . For n = 2 the recursion relation (3.1) simply reads 

d /2 _ }_dfi _ dfi = _nP_ x - a-p 

dE 2 24 da da 96 (a ■ a)(/3 ■ a) 


where in the second step we have used the expression (2.26) for f\. The sum over the roots 
a,,8 € $ can be rewritten as 


E 

a,/3 e\E r 


a ■ (3 

(a • a) (P • a) 


T 

ctG'I' 


1 

(a • a) 2 


+ E 


a ■ P 

(a • a)(P ■ a) 


(3.3) 


The first term corresponds to the cases a = ±/3 and comes with an overall factor of 4 since 
for any ADE Lie algebra all roots have length square 2: a ■ a = 2 (see Appendix A for 
details on the root system of the ADE algebras). In the second term of (3.3), for any p ^ a 
we have either a ■ P = ±1 or a ■ P = 0, and so both P and — P give the same contribution. 
Therefore, we can limit ourselves to sum over the roots P € if (a) where 


T(a) = {P € T : a ■ P = 1} 


(3.4) 



and get 


1 


1 


(3.5) 


E 

a,j8e^ 


a ■ f3 


(a • a)(/3 • a) 


4 E 

aG'J' 


(a • a)" 


+ 2 E E 


aef /Ss'l'to?) 


(a • </)(/? • 4 i) ' 


The first term is proportional to C 2 as one can see from (2.18), while the second term 
suggests to introduce a more general sum over the root lattice, namely 


a 




E E 


1 


( 1 a ■ a) n (/3 1 • a) mi (/3 2 ■ a ) m2 ■■■(fa- a) m * 


(3.6) 


As we will show in the following, these sums will be useful to express all higher prepo¬ 
tential coefficients in a very compact way. The properties of these sums are discussed in 
Appendix D where in particular we show that C \-1 is identically vanishing. We therefore 
have 


E 

a,/Set 


a ■ (3 

(a ■ a)(/3 ■ a) 


4 C*2 + 2 Ci ; i — 4 C 2 


(3.7) 


Using this in (3.2) and integrating with respect to E 2 , we finally obtain 


f 2 = -^E 2 C 2 = -^(l-24 q -72 g 2 -96g 3 ...)C 2 , 


(3.8) 


where in the second step we inserted the Fourier expansion of E 2 . We observe that the 
c/'-term matches the m 4 contribution in the one-loop result in (2.17). The higher order 
terms in the (/-expansion are a prediction for the instanton corrections to f 2 . As we will 
see in Section 5, these predictions can be tested and verified for the first few instanton 
numbers in various gauge groups of the A and D series using localization methods. For 
the exceptional groups Eqj s, instead, these are truly predictions since the multi-instanton 
calculus is not available in these cases. 

We now consider the next mass order. For fy, from (3.1), we have 

d /3 __ l_dfi _ dh = _rrf_ a • ft . , 

8 e 2 12 da da 288 2 (a • a) 3 (/3 • a) 


where we have used the explicit expressions of f\ and f 2 given in (2.26) and (3.8) to do 
the second step. Manipulating the root sums as before and using the identity (D.13), we 
can rewrite (3.9) as 

g = -£*(<* + ic* u ). (3,0, 

Integrating with respect to E 2 , we find 

h = + ±C 2 .,u) +xE 4 , (3.11) 

where we have taken into account that the “integration constant” must have modular 
weight 4 and thus must be proportional to E 4 . The coefficient x must be chosen in such a 
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way that in the perturbative limit, where E 2 and £4 become 1, one recovers the m 6 term 
in the one-loop result (2.17). This requires that 


x = —m 


6 


(CU 

V 720 


C 2 -U \ 
576 ) ' 


Plugging this back into (3.11), we finally obtain 

k = ~ ( 5 El + £4) C4 - (El - £1) X 1 C 2;11 . 
Expanding the Eisenstein series in powers of (/ we find 


(3.12) 


(3.13) 


fn — — Yoo "b ( — 6 C 4 + 3C 2 ;ii) + q 3 m 6 (— 32C*4 + + • • • (3.14) 

from which we can explicitly read the multi-instanton corrections. 

Using the recursion relation and the comparison with the perturbative expression, we 
have determined also the terms of order m 8 and m 10 in the prepotential. We now collect 
all our results up to /g: 

m 2 x' / a ■ a \ 2 . 

= lo §(—) ’ ( 3 - 15a ) 
a€\I> 

4 

Vfi 

/2 = -^E 2 C 2 , (3.15b) 

h = ~ (5El + £ 4 ) C 4 - ^ (E| - £ 4 ) X i C 2;11 , (3.15c) 

/ 4 = — 90720 84E 2 E 4 + ll£g) CY 

+ SSo - 3E * Ei - 2E «) (c« + bc 3;3 ) 

777/^ I 

~ 1728 (^ 2 _ 3 ^ 2 ^4 + 2Eg) x —C^ini , (3.15d) 

h = (245E 2 + 196£ 2 2 £ 4 + 44 £ 2 £ 6 + 19£ 2 ) U 8 

+ ( 35E * ~ 7K T> - - 10E !) (fta - bc 3;3 ) 

+ (El - £.) ! (1c4;. - 3C ll22 - C 3;32 - C 1;31 ) 

77ol0 2 

— ^12 ~~ 6 £f £4 + 8 EqE -2 — 3£ 4 ) x ■^^C' 2; iiini . (3.15e) 

If we were to proceed to the next order, he. to /g, after having determined all terms 
containing £ 2 , we would still have to fix a purely modular term of order 12 . Since there 
are two independent modular forms of weight 12, namely Eg and E|, we could no longer 
fix the coefficient of these two forms by comparison to the one-loop result only; we would 
also need to know the one-instanton result, if available. Having done this, however, all the 
subsequent instanton corrections would be predicted. The covariance of the prepotential 
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under S-duality, implemented through the recursion relation, is a symmetry requirement: it 
is not sufficient by itself to determine the dynamics, and, in particular, it does not eliminate 
the need to evaluate explicitly the non-perturbative corrections. Still, it minimizes the 
number of such computations. 


3.2 1-instanton terms 


Let us consider the 1-instanton terms in the prepotential. Substituting the (/-expansion of 
the Eisenstein series into (3.15) one can see that the only terms which contribute at order 
q are those proportional to C^n-.., whose coefficients follow an obvious pattern: 

F + 171,6 r , ml °r 

rfc =1 — m C /2 + L- 2 ;ll + -^-L 2 ;llll H-gj- 02 ;llllll + ' ' ' 

x - m 4 x - m 2£ x - 1 (3.16) 

^ (a ■ a) 2 £\ ^ (/3i • a) ■ ■ ■ (/3i ■ a) 


where in the second line we have used the explicit definition of the sums C^n.... This 
pattern extends to all orders in m, and we can rewrite the above expression as 2 


m 


Fk=1 S ( a . a) 2 

aef v ’ pe#(a) 


n 


1 + 


Tfl 


f3 ■ a 


(3.17) 


We now show that, in the decoupling limit in which the J\f = 2* theory reduces to the 
pure M = 2 SYM, the above result agrees with the explicit computations that are present 
in the literature [14]-[17]. In the decoupling limit the mass m is sent to infinity and the 
instanton weight q to zero, keeping constant the dynamically generated scale A defined as 


a2/i v 2 h v 

A = m q 


(3.18) 


Here 2/r v is the one-loop /3-function coefficient of the pure J\f = 2 theory, expressed in 
terms of the dual Coxeter number of the Lie algebra g. For the single-laced algebras these 
numbers are given by 



A r 

D r Eq 

e 7 

Eg 

h v 

r 

2 r - 2 12 

18 

30 


Since the number of roots (3 in the set T(a) is 2/i v — 4, the highest mass power in (3.17) 
is exactly m 2hW , and so it is consistent to take the decoupling limit, in which all terms 
proportional to non-maximal powers of m vanish. Doing this, we remain with 


qF k =i 


A 


2 /i v 


E 


n 


(ct • a) 2 J - ± (3 


(3.19) 


This expression has been derived in [15] following a completely different approach 3 . Our 
result in (3.17) generalizes this to the AT = 2* case. 

2 Note that the terms with odd powers of m that we obtain expanding the product in the right hand side 
vanish identically, as discussed in Appendix D. 

3 In [15] also the non-simply laced groups are considered; in the companion paper [40] we will show that 
also in these cases our treatment reproduces, in the decoupling limit, their expression. 
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4. The recursion relation in the ^-background 


The general features described in the previous section hold also when the A/" = 2* theories 
are formulated in an 12-background [9]. In fact we are going to show that for a generic 
gauge group of the ADE series the 12-deforrned prepotential satisfies a generalized recursion 
relation, thus extending the analysis of [24] - [32] for the SU(2) theory and of [33] where 
the SU(IV) theories were considered. 

We parametrize the 12-background by and e 2 and, for later convenience, introduce 
the following combinations 


e = ei + e 2 , h = v /e 1 e 2 . (4.1) 

The deformed prepotential can still be written as in (2.13)-(2.15), but both the one-loop 
and the instanton parts receive corrections in e and h. In particular, the one-loop term 
becomes [9, 28, 30] 

fi-ioop = h 2 ^ [logT 2 (a • 4>) - logT 2 (a • 4> + m + e) ( 4 . 2 ) 

aG'I' 

where T 2 is the Barnes double T-function (see Appendix C). By expanding for small values 
of rri, e and h, we obtain 


/;- ioop =^ e io A “'^ 2 


A 


f, 


1—loop _ 


M 2 (M 2 + h 2 ) 
24 

r2f n/r2 


C 2 , 


,1-loop M 2 (M 2 + h 2 )(2M 2 + 3 h 2 - e 2 ) ^ 
h ~ 240 ° 4 


1-loop _ M 2 {M 2 + /r 2 )(3M 4 + 10b 4 + 2e 4 + 11 h 2 M 2 - 4 e 2 M 2 - 10h 2 e 2 ) 


L 


where we have defined 


1008 


C 6 


M 2 = m 2 — 


(4.3a) 

(4.3b) 

(4.3c) 

(4.3d) 

(4.4) 


As in the undeformed case, also here f\ does not receive instantonic corrections, so we have 


fi = fi 


1—loop 


(4.5) 


while all other /„’s with n > 2 have contributions at any order in the instanton expansion. 

The exact ^-dependence of the deformed s can be determined by requiring that the 
prepotential transforms properly under S-duality. In an 12-background this means that 
S-duality acts on the prepotential as a Fourier transform [29] - [32], namely 


exp 


S[F](a 
h 2 


Dl 


) = Gsrv d " x exp ( ; 


27 ria D • x — F(x) 

h 2 


(4.6) 


where r is the rank of the gauge group. This interpretation of S-duality is fully consistent 
with the interpretation of a and a D as canonical conjugate variables, on which S acts as a 
canonical transformation, and of 

F 


Z = exp I — 


K 2 


(4.7) 
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as a wave function in a quantization of this phase space, with h 2 = £162 playing the role of 
the Planck constant [21] - [23]. 

If we compute the Fourier transform (4.6) in the saddle point approximation for h 0 
and denote by a the solution of the saddle point equation, that is 


27 ria D — d x F(x) 


= 0 , 


then the leading contribution to the integral in (4.6) is 


exp 


S[F](a r 

K 2 


= exp 


F(a) — a ■ d a F(a ) 1 


h 2 


- - tr log S uv + 


2ttit 


dud. 


■f) 


+ ■ 


(4.8) 


(4.9) 


where the tr log part comes from the Gaussian integration around the saddle point and the 
ellipses stand for subleading terms in h. The dominant contribution for h 0 reproduces 
the Legendre transform of the prepotential as expected, but there are corrections for finite 
h. Indeed we have 


S[F] = C[F\ + ^ tr log (S w + d u d v f ) + ■ ■ ■ 


(4.10) 


= C[F} + 8^Af)+0(8 2 ) + --- 
where we have used 8 = -4-, as before, and defined A = TT, d 2 

7T1T 7 7 ' JU 

Repeating the same steps described in Section 2 (see also Sections 3 and 4 of [31] for 
more details), one can show that (4.10) leads to the following recursion relation for the 
prepotential coefficients /„’s: 

n —1 

I . _ A/ . ^ (4.H) 


dfn 


dEo 


dfm df n — m , h 2 A ^ 

24 ^ da ' da + 24 A/n " 1 ' 

m=l 


The recursive computation of the / n ’s can then proceed along the lines we have discussed 
in the undeformed theory. At level two we find 

dfi 


8 E 2 

where we have used 






2 ^ la - 4>) 2 


Integrating with respect to E 2 we get 


h = + h 2 ) e 2 c 2 


(4.12) 

(4.13) 

(4.14) 


It is immediate to see that in the perturbative limit, when E 2 reduces to 1, this correctly 
reproduces (4.3b). 

Using this result we can write the differential equation constraining fs, namely 
dfi _ 1 dfi df 2 h 2 

= ~—Tta+M** (4 , 15) 


dE 2 


= -^M 2 (M 2 + h 2 ) ((21U 2 + 3/r 2 )C 4 + M 2 C 3 - 1 ) E 2 
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Integrating with respect to E 2 and fixing the dependence on E 4 in such a way to reproduce 
the perturbative result (4.3c), we get 


h = -^M 2 (M 2 + h 2 ) [i((2M 2 + 3h 2 )(5E 2 + E 4 ) - 6 e 2 £ 4 ) C 4 
+ l -M 2 (E 2 - E 4 ) C 2 .n 


(4.16) 


where we have used the identity 6 ( 3,1 = C 2 -n proven in Appendix D. 
In a similar way we can determine f 4 . The result we get is 


U = -^M 2 (M 2 + h 2 ) | [^(2M 2 + 3h 2 )(2M 2 + 5h 2 )(35E 3 2 + 21 E 2 E 4 + 4 E 6 ) 

2 12 24 1 

+—M 2 (M 2 + h 2 )(7El - E 6 ) - —e 2 (2M 2 + 5h 2 )(7E 2 E 4 + 3E 6 ) + — C 6 

- — M 2 (2M 2 + 3h 2 ){5E'l - 3 , 62^4 - 2^) - -e 2 M 2 (E 2 E 4 - E 6 ) J 6 4;2 

- 2-Af 2 (Af 2 + 4/i 2 )(5T;| - 3E 2 E 4 - 2E 6 ) - \e 2 M 2 {E 2 E 4 - A 6 )l 6 3;3 

16U 5 J 


+—Af 4 (£;| - 3E 2 E 4 + 2Eq) C 2 ,nil 


(4.17) 


This procedure can be carried out for the next orders in the mass expansion, but the results 
become lengthy and we see no reason to explicitly report them. 


4.1 1-instanton terms 

While the exact expressions of the /„’s are rather involved, their 1-instanton part is quite 
simple and it is possible to write a compact expression which generalizes the one we have 
derived in (3.17) for the underformed theory. Indeed, inserting the (/-expansions of the 
Eisenstein series in (4.14), (4.16) and (4.17) one can see that only few terms contribute at 
order q: 

f2\ k=1 = M 2 (M 2 + h 2 )C 2 , 

/ 3 | fc=1 = M 2 (AE + h 2 ) e 2 C 4 + -M 2 C 2 -n , (4.18) 

/ 4 | fe=1 = M 2 (M 2 + h 2 ) [e 4 6 6 + ie 2 A/ 2 6 4; ii + ^M 2 (M 2 - e 2 )C 2 . U u 

where in the last equation we have used the first identity given in (D.17). Actually this 
pattern extends also to higher s, as we have verified by computing the 1 -instanton 
prepotential using localization techniques described in the next section. Altogether we find 

Fk=i = y~]fn | fc =i 

71=2 

= M 2 (M 2 + h 2 ) [( 6*2 + e 2 C 4 + e 4 C 6 + e 6 6 8 • • •) 

+ ^Af 2 (C , 2 ; ii + e 2 C' 4; ii + e 4 C6 ; ii + • • •) (4-19) 

+ — M 2 (M 2 — e 2 )(C' 2 ; iiii + e 2 C' 4; iin + • • •) 

+ ^^Af 2 (Af 4 — 3M 2 e 2 + 3e 4 ) ( 62 ;iiiiii + •••) + ••• 


14 



This pattern suggests to introduce the following notation 


g- 2 ii — ^4;.TL^1 + <^6;rL^l + ' ' ' ) 


2 n 


2 n 


2 n 


1 


E E 


1 


(4.20) 


(2n)! ^ ' (a ■ a)(a ■ a + e)(f3i ■ a) ■ ■ ■ (/3 2n ■ a) 

so that (4.19) becomes 

F k=1 = M 2 (M 2 +h 2 )\g 0 +M 2 g 2 +M 2 (M 2 -e 2 ) g 4 +M 2 (M 4 -3M 2 e 2 +3e 4 ) g 6 +- 


• (4-21) 


Notice that in the sums g 2n all °dd powers in the e-expansion of the second line of (4.20) 
vanish upon summing over the roots and that, for a given algebra 0 , the highest non¬ 
vanishing expression of this kind is g 2 gy- 4 , since the order of 4'(a) is 2/r v —4. It is interesting 
to observe that the </’s can be expressed in terms of a generating function 


G(x) 


2/i v —4 


22 9nX 

n =0 


E 


i 

(a • a)(a ■ a + e) 


n 

/3e4>(ct) 



(4.22) 


where 


1 d n G(x ) 
9 n n\ dx n 


31=0 


(4.23) 


It is also possible to recognize a pattern in the mass- and e-dependent expressions that 
multiply the g^s in Eq. (4.21). Writing the latter in the form 


2h v —4 

F k=1 = M 2 (M 2 + h 2 ) 9n z n Hn(^-) , (4.24) 

77=0 


one can see that the polynomials H n are connected to the Euler polynomials £ n according 
to 



(4.25) 


(recall that M 2 = m 2 — ^). In turn, the Euler polynomials are defined by 


2e zt 
e f + 1 


OO 

n=0 


(4.26) 


With this definition one can easily check that all H 2n+ i are vanishing, while the H- 2n 
reproduce the expressions appearing in (4.21). Inserting (4.25) and (4.23) into (4.24), we 
then obtain 



X 


OO 


E 

77=0 


1 

n! 



s»(j + ?)+£»(! 




31=0 


(4.27) 
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Since G(x) is a polynomial of order 2 /r v — 4, all terms with n > 2 /r v —4 in the sum vanish and 
(4.27) is simply another way to write (4.24). However, this allows us to use the property 
(4.26) of the Euler polynomials in order to write 


Fk =l 





e (§ +m)d x 

e ed * + 1 


+ 


e (f ~m)d x 

e edx + 1 


G(x) 


(4.28) 




G(x + | + m) + G(x + | — m) 


where in the second line we truncated the expansion of the geometric series since, as we 
stressed above, G(x ) is a polynomial of order 2 h v — 4. It is not difficult to check that in 
the limit e^Owe recover the 1-instanton expression given in (3.17) and that keeping the 
e but decoupling the matter hypermultiplet we recover the same formula obtained in [15] 
for the pure A/" = 2 theories from the coherent states of the W-algebras. 


5. Multi-instanton calculations 

In this section, we test the results for the J\f = 2* prepotential obtained from the modular 
recursion equation against a direct microscopic computation of the first instanton correc¬ 
tions based on equivariant localization techniques [7] - [11] (see also [42] for further details). 
To do so we first recall a few basic facts about the instanton moduli space and the multi 
instanton calculus starting from the gauge theories with unitary groups. 

5.1 Multi-instantons for the U (N) gauge theory 

The moduli space of /c-instantons in the Af = 2* theory with gauge group U(1V) can be built 
from the open strings connecting a stack of k D(-l) and N D3-branes in Type IIB string 
theory. The gauge theory prepotential can be viewed as the free energy of the statistical 
system describing the lowest modes of the open strings with at least one end-point on the 
D(-l) branes that account for the the instanton moduli [43] - [47]. 

The partition function of the system can be computed using localization methods. 
To achieve full localization all symmetries of the system have to be broken. The gauge 
symmetries on the world volumes of the D3 and D(-l) branes can be broken by distribut¬ 
ing them along a transverse complex plane C. We label their positions in this plane by 
a u (with u = I,-- - , N) and \i (with i = 1 ,■■■ ,k), respectively. The SO(4) x SO(4) 
Lorentz symmetry of the spacetime transverse to this plane can be broken by turning on 
an ^-background with parameters ei, 62 , £3 and € 4 . The first two parameters, ei and £ 2 , 
describe a gravitational background, while £3 and £4 are related to the mass of the adjoint 
hypermultiplet. 

In Tab. 1 we list all moduli for given k and N, together with their transformation 
properties with respect to the various symmetry groups. In the first column we have 
grouped the moduli into Q-pairs of the supersymmetric charge Q used for localization and 
labeled by their SO(4) x SO(4) quantum numbers with spinor indices a, a, a, a, all taking 
two values. The neutral bosonic moduli include the eight instanton positions transverse to 
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(</>,V0 

(_i)^ 

U (N) x U (k) 

Xj, 

(■ B a& ,Maa ) 

+ 

(!,□□) 

Xij + 6 l, Xij + e 2 

{B a a,Ma a ) 

+ 

(!,□□) 

Xij + 6 3 , Xij + 64 

( N (ab)’ D (ap)) 

- 

(!,□□) 

y/Xij > Xij + e l + e 2 

(X,N) 

+ 

(!,□□) 

y/Xij 

(■ N aa ,D aa ) 

- 

(!,□□) 

Xij + 61 + £ 3 , Xij + 64+64 

(Wa, lid) 

+ 

(□,□) 

Xi a u + £1 +' 2 

(Wa,Pa) 

+ 

(□,□) 

Xi + a u + 2 

Ma) 

- 

(□,□) 

Xi~a u + ^ 

( ha, /^a) 

- 

(□,□) 

Xi + a u + 3 2 


Table 1: Instanton moduli for the U (N) gauge theory. The columns display, respectively, the 
moduli in a ADHM-like notation, their statistics, their transformation properties with respect to 
the gauge and instanton symmetry groups and their ^-eigenvalues A j,. The notation \ij stands 
for Xi - Xi- 


C, denoted by B a a and B a a, and the positions along C, denoted by x and X- The charged 
bosonic moduli Wa and Wa describe the size and the orientation of the instantons, while 
the auxiliary fields Z+a, D aa and h a take care of the generalised ADHM constraints. The 
field x can be viewed as the U(&:) gauge parameter and thus it should be integrated out in 
order to achieve U(/c)-invariance. 

The /c-instanton partition function is given by the complex superdeterminant of Q 2 , 
which can be computed from the data reported in the last column of the above table. The 
result is 

Zk =/n || A® n ^ i)V1 = /n ^ o-d 

i—1 (f) i=1 

where A(0) = W^j Xij is the Vandermonde determinant and 

gauge = (-f) fc f £l±_£2 V A(0) A(ei + e 2 ) -A-_1_ , 

k\ V eie 2 ) A( ei )A(e 2 ) f = \ P( Xi + P( Xi - j 


^matter 

z k 


(d + e 3 )(ei + e 4 ) Y A(ei + e 3 ) A(ei + e 4 ) -A , p / . _ 

6364 ) A(e 3 ) A(e 4 ) 2 ) {Xt 2 j 

(5.2b) 


with 


N k 

P{x) = (x - a u ) , A(x) = n A 2 - xij) ■ 

U— 1 i<j 


(5.3) 
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The integrals in (5.1) are computed by closing the contours in the upper-half complex 
Xi-planes after giving ei, e 2 , 63 and e 4 an imaginary part with the following prescription 


Im(e 4 ) > Im(e 3 ) > Im(e 2 ) > Im(ei) > 0. 


(5.4) 


This choice allows us to unambiguously compute all integrals in (5.1) and obtain the in- 
stanton partition of the U(1V) theory 


-Zinst — 1 + q k Zk 

k=\ 


where q = e 27nr . At the end of the calculations we have to set 


6 1 + 62 61 + 62 

e .3 = rn --— , e 4 = -m --— 


(5.5) 


(5.6) 


in order to express the result in terms of the hypermultiplet mass m in the normalization 
of the previous sections. The prepotential is then given by 


-Finst = —eie 2 log Z inst = ^ Q k F k ; (5.7) 

k=\ 

by taking the limit e 4 , e 2 —> 0 one finally recovers the prepotential of the undeformed gauge 
theory. 


1-instanton terms 


At k = 1 there is one integral to compute; it is very easy to see that the poles of (5.1) are 
located at 

Xi = a u H- - — • (5.8) 

Evaluating the residues, using (5.6) and summing over u we find 


F k =1 = —6162 Z\ 



(61 ~ 6 2 ) 2 
4 



(a uv + ^+^) 2 - m 2 

O’uv ifluv + ei + e 2 ) 


(5.9) 


where a uv = a u — a v . For example for U(2) we have 

M 2 


F k= 1 


U (2) 


= (M 2 + h 2 ) 


-2 + 


+ 


M 2 


012 ( 012 + e) o 2 i(a 2 i + e) J 


(5.10) 


where M 2 and e are defined in (4.4) and (4.1). Notice that the terms proportional to 
M 2 in the square brackets precisely reconstruct the sum go defined in (4.20). To get 
the prepotential for the SU(2) theory we simply have to set ai = —a 2 = a in the above 
expression; in this way we get 


F k =1 


SU(2) 


2(M 2 + h 2 ) (M 2 + e 2 - 4a 2 ) 
4a 2 — e 2 


(5.11) 
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For unitary groups of higher rank, the expanded expression of the 1-instanton prepotential 
is more cumbersome; however it is possible to check that (5.9) can be written as 4 


F k= i = M 2 (M 2 +ti 2 )\g 0 +M' z g 2 +M 2 (M 2 -e z ) # 4 +M 2 (M 4 -3M 2 e 2 +3e 4 ) g 6 +- • • (5.12) 


in agreement with (4.21). The equality between (5.9) and (5.12) (up to a-independent 
terms) is not immediate to see, but nevertheless it is true. In the undeformed theory, i.e. 
e, h —>• 0 and M 2 —> m 2 the above results further simplify and reduce to those obtained 
long ago in [48] using a completely different approach. 


2-instanton terms 

At k = 2 there are two integrals in (5.1) to compute. The procedure we have described 
above is straightforward to implement and with the prescription (5.4) no ambiguities arise. 
To avoid long formulas we write some explicit 2-instanton terms only in the e, h —>• 0 limit. 
For example in the undeformed U(2) theory, we get 


Fk=i 


U(2) 


—3 m 2 + 6m 4 -12m 6 -i- + 5m 8 -jj- + 

a 12 «12 «12 


= —3m 2 + 3m 4 C *2 — 6m 6 C 4 + 


5m 8 


(5.13) 


C 6 + 


where in the second line we have used the sums CVs defined in (2.18) and the dots stand 
for subleading terms in the mass expansion. 

Likewise for U(3) we find 


F k =2 


U(3) 


9 m 2 d ( 1 1 1 

—- + 6m 4 ( — + — + — 

2 Vo 12 a 13 o 23 


1 


1 


1 


io„6/ x , x , x , a l + a 2 + a 3 — a l°2 ~ «l a 3 — a2«3\ 

1 .4 + + „4 + „2 „2 J + 


12 


a 


13 


a 


23 


a 12 a 13 a 23 


(5.14) 


9 rrxr 


+ 3m 4 C 2 — 6m 6 C 4 + 3m 6 C'2 ; i i + 


We have explicitly checked up to U(5) that the same pattern occurs, namely that the 
2-instanton prepotential is (up to a-independent terms) 

771 ^ 7778 

F k= 2 = 3m 4 C 2 - 6m 6 C 4 + 3m 6 C 2;11 + — C 6 + 6m 8 C 4;2 + — C 3;3 + — C 2; iiii + ■ ■ ■ • 

(5.15) 

This result is in total agreement with the 2-instanton prepotential that can be obtained 
from (3.15) by expanding the Eisenstein series; moreover it clearly shows the advantage of 
using the root lattice sums C n - mi ... that allow us to write a single expression valid for all 
U(fV)’s groups. 

Finally we mention that for the unitary groups it is possible to push the calculations 
to higher instanton numbers as we have shown in [33]. 

4 We discard all a-independent terms. 
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5.2 Multi-instantons for the SO(2iV) gauge theory 

The moduli space of the S0(2iV) gauge theory is obtained from that of the U(2iV) theory 
by using the projector (1 + QI)/2 where Q is the orientifold operator that changes the 
orientation of the open strings and I reflects the moduli carrying an index a , i.e. trans¬ 
forming in the fundamental representation of the SU( 2)l factor of the spacetime Lorentz 
group [49]. As a result, the symmetry of the brane system reduces to SO(2iV) x Sp(2fc). 
The instanton moduli and their transformation properties are listed in Tab. 2 which uses 
the same notation as Tab. 1. 


w>,vo 

(-i) F * 

SO(21V) x Sp(2fc) 

^(f> 

(Bad, Mad) 

+ 

(^B) 

Xij + e l, Xij + e 2 

(■ B a a,Ma a ) 

+ 

(i,m) 

Xij + e 3, Xij + e 4 

( A (ofe)’ P(d$? 

- 

(i,m) 

y/XTj, Xij + ei + C2 

(X,N) 

+ 

(i,m) 

Vxij 

(■ N aa ,D aa ) 

- 

( X >B) 

Xij + Cl + ^3, Xij + £l + £4 

(wd,H d) 

+ 

(□,□) 

Xi a u + £1 + 62 

(hai /^a) 

- 

(□,□) 

Xi a u + 


Table 2: Instanton moduli for the SO(21V) gauge theory. The columns display the moduli, their 
statistics, their transformation properties with respect to the gauge and instanton symmetry groups 
and their Q 2 -eigenvalues A^. 


Collecting the eigenvalues for all moduli, we find that the /c-instanton partition 
function is 

Zk = /n^.r g % matter (5.16) 

J 1=1 ~ j7t1 

where 

^gauge _ (~l) fc f e i + e 2 V A(0) A(ei + 62) tt 4 xj ( 4 xf — (ei + £2) 2 ) , 

Zk ~ 2 fc fc! V e i e 2 ) A(ei)A(e 2 ) p( Xi + ^)P( X i ~ ’ 


.matter ( ( g i + fgXfi + £4) V A(d + e 3 )A(ei + e 4 ) Ja P{\i + ^r £ )P{Xi - y) 

V ^4 J A(e 3 ) A(e 4 ) (4 X f - ^ (4 X f - ej) 

(5.17b) 


with 

N k 

P(x) = II (* 2 “ a «) ’ A ( x ) = II ((Xi - Xj ? - X 2 )) ((xi + Xj? - X 2 ) . (5.18) 

u =1 i<j 
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Once again the integrals in (5.16) are computed by closing the contours in the upper-half 
complex X j-planes with the prescription (5.4). It is important to stress that unlike in the 
U(1V) theory, the integral (5.16) receives non-trivial contributions also from poles located 
at Xi = £ 3 , Xi = e 4> Xij = e 3 and Xij = e 4- The contributions of the corresponding residues 
are crucial to find an expression which is polynomial in the hypermultiplet mass as one 
expects on general grounds. Only at the very end of the computation one should use the 
identification (5.6) in order to write the final results in terms of the vacuum expectation 
values a u and the mass m in the normalization used in the previous sections. 


1-instanton terms 

For k = 1 the poles of (5.16) are located at 

f, , ei + C 2 e 3 e 4 
Xl = j±a n + ^— , - 

The k = 1 prepotential can then be written as 


for u = 1, • • • ,N 


(5.19) 


N 


N 


F k=1 = -e ie2 Z l = Y J f_ 


U= 1 


" \~CL U ~\~ 


ei +£2 


+ / , / , ei+e 2 + ft3 + ft1 

Z—/ — a ,,+—^i o 


(5.20) 


U= 1 


with 


/+ „ | 6i+e2 — — (o + e3)(ei + e 4 ) 

—Cctii I* <2 


n 

v^u 


(±2 a u + ei + e 2 )(±a u + e 4 + e 2 ) 

(±2 a u + ei + e 2 — e 3 )(±2 a u + e 4 + e 2 — e 4 ) 
((=fca M - e 3 ) 2 - a 2 ) ((±a u - £ 4) 2 ~ a|) 

(a 2 - a 2 ) ((±a u + ei + e 2 ) 2 - a 2 ) 

N 


f _ ( e i + c 3 )(ei + e 4 )(e 3 — e 4 — e 2 ) -i-r (2e 3 — e 4 ) 2 — a 2 
% “ 8 (^) 11 


(e 3 -e) 2 -a 


iV 


^ (ei + £3X0 + £4)(e 4 — £i — £2) tt ( 2 e 4 — e 3 ) 2 — a 2 

/ti =-—--x- 11 


8(e 4 - e 3 ) 

For example for SO(4) these formulas lead to 


11 


F k =\ 


SO(4) 


= (M 2 + h 2 ) 
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M 2 


+ 


Af 2 


+ 


8 (ai + a 2 )(ai + a 2 + e) (— a\ — a 2 )(—ai - a 2 + e) 

Af 2 Af 2 


+ 


(a 4 — a 2 )(a 4 — a 2 + e) (—a 4 + a 2 )(—a 4 + a 2 + e)J 


(5.21) 


where we have used (5.6), (4.4) and (4.1). Inside the square brackets the terms proportional 
to Af 2 precisely reconstruct the sum go defined in (4.20) so that this result is in perfect 
agreement with (4.21). We also notice that (5.21) is related to the SU(2) prepotential 
(5.11). Indeed, upon comparison, we have 


F k =1 


(fli, af) — F k= i {o-l) + F k= i (or) + -tt(M 2 + h 2 ) (5.22) 

SO(4) SU(2) SU(2) 8 
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where 


«1 = OL + «R , 0,2 = ClL ~ dR , (5.23) 

so the two prepotentials match up to an a-independent function as they should, since 
S0(4) ~ SU(2) x SU(2). 

The explicit expressions of the prepotential for groups of higher rank quickly become 
rather involved; nevertheless we have checked up to SO(12) that the 1-instanton result 
(5.20) can be written as 

e 2 + 3e 4 ) i 

-56 +• • • 

(5.24) 

This is the same expression we found for the U(IV) theories (see (5.12)) and is in perfect 
agreement with what follows from solving the recursion relation as discussed in Section 4. 
Furthermore, in the limit e, h —>• 0 we exactly recover the results obtained in [48] using a 
very different approach. 


F k= i = M 2 (M 2 + h 2 ) 


M 2 

90 H ^ 9'2 4 


M 2 (M 2 - e 
2A~ 


2 ' M 2 (M 4 - 3 M 2 

94 + 720 


2-instanton terms 


At k = 2 one has to compute two integrals. Again, to avoid long formulas we only write an 
example in the e, h —)• 0 limit for the purpose of illustration. For SO(4), up to a-independent 
terms we find 


Fk =2 


SO(4) 


12m 


a 2 + a 2 
(a 2 - a 2 )' 


6 a\ + 6 a 2 a 2 + a 


— 24m' 


(a 2 - a 2 Y 


ga)* + lha\ci2 + 15afa2 + a^ 


2 „,4 


+ 10 m' 


4 

2 


5?77 ^ Til ^ 777 ® 

= 3?n 4 C *2 — 6 m 6 C 4 + 3m 6 C^n H-Cg + 6 ?n 8 C*4 ; 2 H—— C 3;3 4 —— C^jim 

(5.25) 

where the last line follows upon using the sums (3.6) over the lattice root of SO(21V). 
Formally, this is the same expression found for the unitary theories and agrees with the 
results obtained in Section 3 from the recursion relations. 

We have verified that this agreement persist up for higher rank groups up to SO(12). 
This fact puts our findings on a very solid ground. 


6. Conclusions 

In this paper we have shown that S-duality in J\f = 2* gauge theories with simply-laced 
gauge groups requires that the quantum prepotential satisfies a modular anomaly equation 
which in turn allows to recursively determine the prepotential itself. It is very satisfactory 
that these conditions can be expressed in a unified form involving sums over the roots of 
the gauge algebra without resorting to the specific details of the algebra itself. This is the 
key to extend our results to the case of exceptional algebras, where the lack of an ADHM 
construction of the instanton moduli space does not allow the application of the traditional 
methods of investigation. The differential equation coming from the anomaly, irrespective 
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of the gauge algebra, needs an external output to fix all the terms in the prepotential. 
Given that f n is a modular form of weight 2 n — 2, in solving the recursion relation (3.1) 
we can add to f n all monomials in the Eisenstein series which have weight 2 n — 2 but 
do not contain E%- The coefficients in front of these terms are determined by comparing 
with the perturbative expansion and when this is not enough by resorting to microscopic 
instanton computations. Given that no microscopic instanton computations exist for the 
exceptional gauge groups this could seem a problem. Luckily enough, the results for f n 
given in terms of sums over the roots of the algebra are universal and thus should hold for 
the exceptional algebras as well. We believe our results be a very solid conjecture which 
we have successfully tested for the lowest instanton number with the result for pure J\f = 2 
theory existing in literature [15, 13] and provide an elegant generalisation to the J\T = 2* 
case, as well as precise predictions for higher instanton corrections. 
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A. Notations and conventions for the root systems 

In this appendix we list our conventions for the root systems of the simply-laced algebras. 
We consider both the classical algebras A r = su(r+l) and D r = so(2r), and the exceptional 
ones E(j. Ey and E$. 

We denote by \E the set of all roots a and by T(a) the set 

T(a) = {/3 € T : a- ft = 1} . (A.l) 

The order of this set is 

ord(T(a)) = 2/i v —4 , (A.2) 

where /r v is the dual Coxeter number of the algebra. 

To write the roots of the different ADE algebras we use the standard orthonormal 
basis in M r : {e* ; 1 < i < r} and our conventions are such that, for every ADE algebra 
(a • a) = 2. 

The roots of A r 

The set T of the roots of A r is 


’E = { ± (e; - ej ); 1 < i < j < r} . 


(A.3) 
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It is easy to see that 


ord('F) = r(r — 1) and ord(\F(a)) = 2r — 4 , (A.4) 

since the dual Coxeter number for A r is h w = r. 

The roots of D r 

For D r the roots are given by 

’F = { ± e* ± ej ; 1 < * < j < r} , (A.5) 

with all possible signs. It is easy to see that 

ord('F) = 2 r(r — 1) and ord(\F(a)) = 4r — 8 , (A.6) 

since the dual Coxeter number for D r is /i v = 2 r — 2. 

The roots of Eq 

Eq has 72 roots given by 


'F = { ± ej ± e^ ; 1 < i < j < 5} U {| ( ± ei ± • • • ± e,5 ± \/3 e 6) } , (A-7) 

where the elements of the second set must have an even number of minus signs. In this 
case 

ord(\F(a)) = 20 , (A. 8 ) 

since /i v = 12 . 

The roots of £7 

The 126 roots of £7 are 

*F = { ± ej ± ej ; 1 < i < j < 6 } U { i \pl 67 } u|^(ieii---e 6 i } , (A.9) 


where the elements of the third set must have an odd (even) number of minus signs in the 
(ei, • • • , eg) components if the is positive (negative). Moreover we have 

ord( v F(a)) = 32 , (A.10) 

since in this case /r v = 18. 

The roots of £§ 

E$ has 240 roots given by 

*F = { ± ej ± ej ; 1 < i < j < 8 } U {|( ± ei ± • • • e 7 ± eg) } , (A. 11) 

where the element of the second set must have an even number of minus signs. It is easy 
to see that that 

ord('F(a)) = 56 , (A.12) 

since in this case h v = 30. 
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B. Eisenstein series and their modular properties 


The Eisenstein series E 2n are holomorphic functions of r defined as 



2n 2£(2n) ^ (m + nr) 2 " 

(B.l) 

For n > 1, 

they are modular forms of degree 2n: under an SL(2,Z) transformation 



t —>■ t / = - —with a,b,c,d £ Z and ad — 6c = 1 
cr + a 

(B.2) 

one has 

E 2n (r , ) = (cr + d) 2n E 2n (r) . 

(B.3) 

For n = 1, 

the E 2 series is instead quasi-modular: 



E 2 (t') = (cr + d) 2 E 2 (r) + ^-c(cr + d) . 

(B.4) 


All the modular forms of degree 2 n > 6 can be expressed in terms of E 4 and Eg; the 
quasi-modular forms instead can be expressed as polynomials in E 2 , E 4 and Eg. 

The Eisenstein series admit a Fourier expansion in terms of q = e 2?riT ) Q f the form 

2 00 

E 2 n = 1 + ^ _ 2n ^ Xj a 2n -i(k)q k , (B.5) 

where u p {k) is the sum of the p-th powers of the divisors of k. In particular, this amounts 
to 

OO 

E 2 = 1 — 24 <7i {k)q k = 1-24 q- 72 q 2 - 96 q 3 + ... , 

k =1 

OO 

E 4 = 1 + 240 <73 {k)q k = 1 + 240 q + 2160 q 2 + 6720</ 3 + ... , (B.6) 

k =1 

OO 

Eg = 1 - 504 a 5 (k)q k = 1 - 504 q - 16632g 2 - 122976<? 3 + ... . 

fc=i 

Using these expansions it is easy to see that a generic quasi-modular function of weight 4 

Mi(q) = aE\ + /3E 4 = (a + /3) + 48(5/3 — a)q + • • • (B.7) 

has no perturbative contribution if a = —/3, like for instance E| — E 4 , and it has no 
1-instanton contribution if a = 5/3, like for instance 5E| + E 4 . These are precisely the 
combinations that appear in the prepotential coefficient fy (see (3.13). Analogously, for a 
weight 6 quasi-modular function 

Mq( q) = aE% + /3E 2 E 4 + qEg = (a + /3 + 7 ) + 72(—a + 3/3 - 77)9 4- (B.8) 

the perturbative and 1-instanton contributions vanishes respectively for a = —/3 — 7 and 
a = 3/3—77- This is the case for the combinations that appear in the prepotential coefficient 
f& in (3.15). 
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The E 2 series is related to the Dedekind jy-function 


*7(?) = g 1/24 II( 1 -®* 


k =1 


Indeed, taking the logarithm of this definition we get 


(B.9) 


/ \ \ oo oo 

' q ' r=l k= 1 K 


ai(k) gk 


(B.10) 


If we apply now to this relation the derivative operator q-^ we get 


4 log Gw 




k =1 


-E 2 — 1 
24 


(B.ll) 


Applying repeatedly the operator q-^- to this last expression we also find 


Finally, one has 


( q -^) n - 1 (E 2 -l) = -2Aj2k n - 1 a 1 (k) q k . 


k =1 


q ~ dq ^ 4 = 3 ~ > 

= 2 ( jE2 ^ 6 “ ^ 4 ) • 


(B.12) 


(B.13) 


C. The r 2 -function 

The Barnes double T-function is defined as 

, r , | , d ( A s rdt 

log r 2 (x|ei, e 2 ) = — 


t s e - x t 


ds \T(s) J 0 t (1 — e eit )(l — e e2t ) 


s=0 


= log (f )' ( - jbox 2 + h lX - b j-) + (jb 0 x 2 -b lX )+f2 


(C.l) 


A y v 4“ u ~ ' 2~ l ~ 4 

where the coefficients b n are given by 

1 


b n x 


2—n 


n =3 


n(n — l)(n — 2) 


(1 — e £ i*)(l-e €2t ) ^ni 


Z—/ rt ] 


n —2 


(C.2) 


The first few of them are 


1 1 , e\ e 2 e , + 3eie 2 + e| 4e J + /i 2 


eie 2 /i 2 ’ ^ 2eie 2 /i 2 


1.9 1 ^2 


6eie 2 


6/1 2 


(C.3) 
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D. Useful formulas for the root lattice sums 


Let us first recall the definition of the lattice sums C n - mim2 ... introduced in (3.6) which we 
rewrite here for convenience: 

C nymima ...m t “ E E (a • a) n (p 1 • a) m 1 (fa • a) m2 ■■■{Pi- a) m * 

where T is the root lattice and ^(a) is the set : 

$(a) = {^e$: a-P = 1} . (D.2) 

Actually, not all these sums are independent of each other, since there exist various algebraic 
identities among them which we are going to discuss. 

First of all, from the definition (D.l) it is straightforward to see that 

C n = 0 for n odd , (D.3) 


and, more generally 

Cn-,mim. 2 ...,m t = 0 for (n + Yj£ m i) odd . (D.4) 

Many different sets of relations among the C’s can be proved by dividing the sums in (D.l) 
into sums over closed orbits of the Weyl reflection group and exploiting the properties of the 
partial sums. As a first example of this strategy, let us consider the set formed by a given 
couple of roots (a,P) with (3 € ’F(a), together with its images under mutual reflection: 

{ (<T P) , (-«, P ~ a) {a~P, ~P) } • (D-5) 


This set forms a closed orbit of the Weyl reflections group, up to irrelevant overall signs. 
It is straightforward to see that 


1 


+ 


1 


1 


(a ■ a)(P - a) (a ■ a)((a — P) ■ a) {{a — P) ■ a){P ■ a) 
From this equation we can immediately prove that 


= 0 . 


(D.6) 


Cl;! 


E E 


1 

(a ■ a)(P ■ a) 


= 0 . 


(D.7) 


In fact, the sum in Ci ; i contains (twice) all the images of any couple under Weyl reflec¬ 
tions. The expression in the above sum vanishes identically already when summed over the 
components of the set in (D.5). 

The implication of (D.6) are however far more reaching. In fact, multiplying it by 
1 /(or - a) 2 and then summing over a € T and P € 'F(a), we easily find 

2 Cz-,i = C2 ; ii , (D.8) 


with 


C2;ll 


£ £ 

a£® /Se’J'fa) 


1 

(a ■ a) 2 {P ■ a)((a 


P)-a) ' 


(D.9) 
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Likewise, multiplying (D. 6 ) by l/(a • a)(/3 • a) and then summing over the roots, we find 


C'2-2 — —2C , 2 ; ii . 


(D.10) 


These two relations together imply 


C'2-2 — —4 6*3;! , 


(D.ll) 


but, using again the strategy of summing over the closed orbits of the Weyl group, it is 
easy to check that 

C 2 ;ll = C-2 -11 , (D.12) 

thus obtaining the identity 

2 C 3 P = C 2 ; ii . (D.13) 

This is the identity used to write the expression (3.11) for fj, given in the main text. 

This method can be easily generalized to derive many other identities. In fact, multi¬ 
plying (D. 6 ) by ^ 

(a ■ a) n ~ 1 (/3 ■ a) m ~ 1 ( ' D ' 14 ^ 

and summing over the roots, one gets 


C n 


— Cn-m—lp C n — 


-l;mp 


(D.15) 


This relation, together with the symmetry properties of the different C s, can be recursively 
used to link together all lattice sums with two indices at a given level. For example, at 
level 6 we have 

dC’s;i + 2C4 ; 2 + C3 ; 3 = 0 . (D.16) 

All identities among the root lattice sums, presumably, can be derived following the strategy 
we have outlined; however, as the level increases, the algebra becomes more involved and 
thus it is often more convenient to check the identities in a numerical way. 

Here we list some other identities among the level 6 sums that are needed in order to 
write the expression for f\ as in Eq. (3.15d), namely 


C4;ll — —C/L-2 — - C3;3 + — Chilli 


C-2;.31 — ^ C'.i:'i , 


C , 3;lll — ^ Chilli j 


C-3;21 — —- C-> j: :i — - C2;llll 

C2;211 = — g C'2;llll • 


(D.17) 


E. An observation on the prepotential 


It is a fact that in all prepotential coefficients f n the combinations of Eisenstein series 
appearing in front of the sum C' 2 ; ii---i/C! have a linear term in q whose coefficient is exactly 
1. This comes about through the following mechanism. From (3.15b) we see that the 
coefficient of C 2 in /2 is (for simplicity we omit now the overall powers of m which are 
easily reinstated) 


E 2 

24 


1 

24 


+ q + --- 


(E.l) 
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so it enjoys this property. The coefficient of C 2 ; n/2 in / 3 (see (3.15c)), of C' 2 ; iiii/ 24 in 
/4 (see (3.15d)), and so on, turn out to be obtained from (E.l) by repeated logarithmic 
^-derivatives; indeed using (B.13) one has 


_Ei q E% - E a q * Ej - 3 E 2 E a + 2 E 6 q J\ 

24 * 288 * 1728 ^ ' ’ 

so they again contain exactly q in their Fourier expansion. Due to this structure, the 
entire part of the prepotential which contains the expressions C^- n.../•£!, and not just its 1- 
instanton component, can be written in a compact way, analogously to (3.17). Reinstating 
the mass prefactors and introducing the operator 


V = m q— 
dq 


m 2 d 
27ri dr 


(E.3) 


such terms are 



yyy C 2 ; iiT> + yjj C 2; iuiV + — C^minD 


+ ••• 



-£ 

aG'I' 


1 

(a ■ a) 2 


n 0 + 

/3e^(a) 


P2 
/3 ■ a 



(E.4) 


Notice that only integer powers of V remain in the expansion of the product above, due to 
the properties of the root systems. 

Actually, all terms in the prepotential can be grouped into 
by the action of the operator T>; writing only the terms up to 
write 

h = - 4 ( 1 ) C 2 , 

h = -4(2) C 4 + 7A4(i) -C 2 ,i,i , 

f\ = -4(3) Cq - VA(2) - (c^2 + Y2^ 3,3 ) + 7)2 Ab 

where 

Ad = -^, 

A2) = -^( 5 ^2 2 +^4) , (E-6) 

A 3) = ~ 90720 ( 175£: 2 + 84 £ 2 £4 + 11 E 6 ) . 

Thus, at each order m 2n , a new modular form A( n ) appears in front of the structure C n . 
For n > 2, the term of order q in this form vanishes; this agrees with the fact that in the 
microscopic computation of the 1-instanton corrections the structure C n cannot appear. All 
the rest of f n is organized in structures proportional to multiple T> derivatives of the lower 
*4(fc) coefficients, which have therefore neither perturbative terms (since the g-derivative 
kills the constant term in *4 (m) nor 1-instanton corrections, except for the structures d7 2 ;ii.,., 
proportional to derivatives of -4(x), that we considered above. 


series of terms connected 
/4 for simplicity, we may 


(E.5) 


1 

24 


C*2,1,1,1,1 , 


29 



References 


[1] C. Montonen and D. I. Olive, Magnetic monopoles as gauge particles ?, Phys. Lett. B72 
(1977) 117. 

[2] C. Vafa and E. Witten, A Strong coupling test of S duality , Nucl. Phys. B431 (1994) 3-77, 

arXiv:hep-th/9408074 [hep-th]. 

[3] L. Girardello, A. Giveon, M. Porrati, and A. Zaffaroni, S duality in N=f Yang-Mills theories 
with general gauge groups , Nucl. Phys. B448 (1995) 127 165, arXiv :hep-th/9502057 
[hep-th]. 

[4] P. Goddard, J. Nuyts, and D. I. Olive, Gauge theories and magnetic charge, Nucl. Phys. 
B125 (1977) 1. 

[5] N. Seiberg and E. Witten, Electric - magnetic duality, monopole condensation, and 
confinement in N=2 supersymmetric Yang-Mills theory, Nucl.Phys. B426 (1994) 19-52, 

arXiv:hep-th/9407087 [hep-th]. 

[6] N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking in N=2 
supersymmetric QCD, Nucl. Phys. B431 (1994) 484-550, arXiv:hep-th/9408099. 

[7] N. Nekrasov, Seiberg-Witten prepotential from instanton counting, Adv. Theor. Math. Phys. 

7 (2004) 831-864, arXiv:hep-th/0206161. 

[8] R. Flume and R. Poghossian, An algorithm for the microscopic evaluation of the coefficients 
of the Seiberg-Witten prepotential, Int. J. Mod. Phys. A18 (2003) 2541, 

arXiv:hep-th/0208176. 

[9] N. Nekrasov and A. Okounkov, Seiberg- Witten theory and random partitions, 

arXiv:hep-th/0306238. 

[10] U. Bruzzo, F. Fucito, J. F. Morales, and A. Tanzini, Multi-instanton calculus and equivariant 
cohomology, JHEP 05 (2003) 054, arXiv :hep-th/0211108. 

[11] F. Fucito, J. F. Morales, and R. Poghossian, Multi instanton calculus on ALE spaces, 

Nucl.Phys. B703 (2004) 518-536, arXiv:hep-th/0406243 [hep-th]. 

[12] D. Gaiotto and S. S. Razamat, Exceptional indices, JHEP 05 (2012) 145, arXiv: 1203.5517 
[hep-th]. 

[13] C. A. Keller and J. Song, Counting Exceptional Instantons, JHEP 1207 (2012) 085, 

arXiv:1205.4722 [hep-th]. 

[14] S. Benvenuti, A. Hanany, and N. Mekareeya, The Hilbert series of the one instanton moduli 
space, JHEP 06 (2010) 100, arXiv: 1005.3026 [hep-th]. 

[15] C. A. Keller, N. Mekareeya, J. Song, and Y. Tachikawa, The ABCDEFG of Instantons and 
W-algebras, JHEP 1203 (2012) 045, arXiv: 1111.5624 [hep-th]. 

[16] A. Hanany, N. Mekareeya, and S. S. Razamat, Hilbert Series for Moduli Spaces of Two 
Instantons, JHEP 1301 (2013) 070, arXiv: 1205.4741 [hep-th]. 

[17] S. Cremonesi, G. Ferlito, A. Hanany, and N. Mekareeya, Coulomb branch and the moduli 
space of instantons, JHEP 12 (2014) 103, arXiv: 1408.6835 [hep-th]. 

[18] J. Teschner, Exact results on N=2 supersymmetric gauge theories, arXiv: 1412.7145 
[hep-th]. 


30 



[19] J. A. Minahan, D. Nemeschansky, and N. P. Warner, Instanton expansions for mass deformed 
N=4 superYang-Mills theories, Nucl. Phys. B528 (1998) 109-132, arXiv:hep-th/9710146 
[hep-th]. 

[20] M. Bershadsky, S. Cecotti, H. Ooguri, and C. Vafa, Holomorphic anomalies in topological 
field theories, Nucl.Phys. B405 (1993) 279-304, arXiv:hep-th/9302103 [hep-th]. 

[21] E. Witten, Quantum background independence in string theory, arXiv:hep-th/9306122 
[hep-th]. 

[22] M. Aganagic, V. Bouchard, and A. Klemrn, Topological strings and (almost) modular forms, 
Commun.Math.Phys. 277 (2008) 771-819, arXiv:hep-th/0607100 [hep-th], 

[23] M. Gunaydin, A. Neitzke, and B. Pioline, Topological wave functions and heat equations, 
JHEP 0612 (2006) 070, arXiv:hep-th/0607200 [hep-th], 

[24] M.-x. Huang and A. Klemrn, Holomorphic anomaly in gauge theories and matrix models, 
JHEP 0709 (2007) 054, arXiv:hep-th/0605195 [hep-th]. 

[25] T. W. Grimm, A. Klemrn, M. Marino, and M. Weiss, Direct integration of the topological 
string, JHEP 0708 (2007) 058, arXiv:hep-th/0702187 [hep-th]. 

[26] M.-x. Huang and A. Klemrn, Holomorphicity and modularity in Seiberg- Witten theories with 
matter, JHEP 1007 (2010) 083, arXiv:0902.1325 [hep-th]. 

[27] M.-x. Huang and A. Klemrn, Direct integration for general H backgrounds, arXiv: 1009.1126 
[hep-th]. 

[28] M.-x. Huang, A.-K. Kashani-Poor, and A. Klemrn, The fl deformed B-model for rigid Af = 2 
theories, Annales Henri Poincare 14 (2013) 425-497, arXiv: 1109.5728 [hep-th], 

[29] D. Galakhov, A. Mironov, and A. Morozov, S-duality as a beta-deformed Fourier transform, 
JHEP 1208 (2012) 067, arXiv: 1205.4998 [hep-th], 

[30] M. Billo, M. Frau, L. Gallot, A. Lerda, and I. Pesando, Deformed N=2 theories, generalized 
recursion relations and S-duality, JHEP 1304 (2013) 039, arXiv: 1302.0686 [hep-th]. 

[31] M. Billo, M. Frau, L. Gallot, A. Lerda, and I. Pesando, Modular anomaly equation, heat 
kernel and S-duality in N = 2 theories, JHEP 1311 (2013) 123, arXiv: 1307.6648 [hep-th]. 

[32] N. Nernkov, S-duality as Fourier transform for arbitrary e\,C 2 , arXiv: 1307.0773 [hep-th]. 

[33] M. Billo, M. Frau, F. Fucito, A. Lerda, J. F. Morales, R. Poghossian, and D. Ricci Pacifici, 
Modular anomaly equations in Af = 2* theories and their large-N limit , JHEP 10 (2014) 131, 

arXiv:1406.7255 [hep-th]. 

[34] N. Lambert, D. Orlando and S. Reffert, Alpha- and Omega-Deformations from fluxes in 
M-Theory, JHEP 11 (2014) 162, arXiv: 1409.1219 [hep-th]. 

[35] A. Marshakov, A. Mironov, and A. Morozov, Zamolodchikov asymptotic formula and 
instanton expansion in N=2 SUSY N(f) = 2N(c) QCD, JHEP 0911 (2009) 048, 

arXiv:0909.3338 [hep-th]. 

[36] A.-K. Kashani-Poor and J. Troost, The toroidal block and the genus expansion, JHEP 1303 
(2013)133, arXiv:1212.0722 [hep-th], 

[37] A.-K. Kashani-Poor and J. Troost, Transformations of spherical blocks, JHEP 1310 (2013) 
009, arXiv:1305.7408 [hep-th]. 


31 



[38] A.-K. Kashani-Poor and J. Troost, Quantum geometry from the toroidal block, JHEP 1408 
(2014) 117, arXiv:1404.7378 [hep-th]. 

[39] S. K. Ashok, M. Billo, E. Dell’Aquila, M. Frau, A. Lerda, and M. Raman, Modular anomaly 
equations and S-duality in N=2 conformal SQCD, JHEP 1510 (2015) 091, 

arXiv:1507.07476 [hep-th]. 

[40] M. Billo, M. Frau, F. Fucito, A. Lerda, and J. F. Morales, S-duality and the prepotential in 
N = 2* theories (II): the non-simply laced algebras, arXiv: 1507.08027 [hep-th] to be 
published in JHEP. 

[41] E. D’Hoker and D. Phong, Lectures on supersymmetric Yang-Mills theory and integrable 
systems, arXiv:hep-th/9912271 [hep-th]. 

[42] M. Billo, M. Frau, F. Fucito, L. Giacone, A. Lerda, J. F. Morales, and D. Ricci-Pacihci, 

Non-perturbative gauge/gravity correspondence in N=2 theories, JHEP 1208 (2012) 166, 

arXiv:1206.3914 [hep-th]. 

[43] E. Witten, Small instantons in string theory, Nucl. Phys. B460 (1996) 541-559, 

arXiv:hep-th/9511030. 

[44] M. R. Douglas, Branes within branes, arXiv: hep-th/9512077. 

[45] M. B. Green and M. Gutperle, D-instanton induced interactions on a D3-brane, JHEP 02 
(2000) 014, arXiv:hep-th/0002011. 

[46] M. Billo, M. Frau, I. Pesando, F. Fucito, A. Lerda, and A. Liccardo, Classical gauge 
instantons from open strings, JHEP 02 (2003) 045, arXiv:hep-th/0211250. 

[47] M. Billo, M. Frau, F. Fucito, and A. Lerda, Instanton calculus in R-R background and the 
topological string, JHEP 11 (2006) 012, arXiv : hep-th/0606013. 

[48] I. P. Ennes, C. Lozano, S. G. Naculich, and H. J. Schnitzel', Elliptic models and M theory, 
Nucl. Phys. B576 (2000) 313-346, arXiv:hep-th/9912133 [hep-th]. 

[49] F. Fucito, J. F. Morales, and R. Poghossian, Instantons on quivers and orientifolds, JHEP 
0410 (2004) 037, arXiv:hep-th/0408090 [hep-th]. 


32 



